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Abstract

Selection bias is a common and often unavoidable aspect of real-
world data that challenges the generalizability of machine learning
models. When models trained on biased data are deployed in the
broader target population, poor model generalization may lead to
real harm, particularly in high-risk settings such as healthcare. This
risk highlights the need for practitioners to reliably assess model
generalizability prior to deployment. However, existing methods for
predicting model performance rely on unrealistic access to the tar-
get distribution or knowledge of the selection mechanism causing
bias. To address these limitations, we propose a novel upper bound
on the worst-case model performance on the target population
under the realistic setting where the selection mechanism and the
target population data are only partially observed. We demonstrate
the validity and practical utility of our method through experiments
on fully synthetic data, semi-synthetic data derived from the All of
Us Research Program, and real-world selection bias in MIMIC-IV.
Our work offers a principled and practical tool to estimate the im-
pact of selection bias in an otherwise intractable setting, thereby
enabling practitioners to build safer and more generalizable models
in healthcare and beyond. We release our code for public use at
https://github.com/kara-liu/selection_gap_est/.
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1 Introduction

As machine learning models are increasingly deployed in real-world
settings, it is imperative to understand how their performance may
be affected by selection bias. When models are trained on data that
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represents only a subset of the population, their failure to general-
ize to the broader target population could inflict real harm, often
in ways that reify discrimination against underrepresented groups
[2, 30, 36]. This risk is particularly acute in medical applications,
where the data used to support high-stakes decisions are often
heavily skewed by selection bias [10, 33, 61]. For instance, selection
bias in biobank data, electronic health records, and randomized con-
trolled trials has led to biased estimates in genome-wide association
studies [69], analyses of COVID-19 risk factors [61], the prediction
of sepsis in hospitals [83], and drug dosage recommendations that
are suboptimal for non-Caucasian populations [49].

To support safe deployment under selection bias, machine learn-
ing model developers must be able to assess how a model trained
on biased data will perform on its intended target population, in a
way that is both practical and grounded in the underlying selection
mechanism. As a motivating example, the national deployment of
the Epic Sepsis Model, which was trained on data from just three
healthcare systems, was later criticized for poor generalization
[58, 83]. These issues might have been prevented had developers
been able to foresee how the model would perform on the broader
U.S. population.

Selection bias has been studied in other disciplines, notably in
the context of causal effect estimation [3, 57] or under a limited set
of selection mechanisms in domain adaptation [52, 75]. However,
existing methods that estimate model generalizability often rely
on unrealistic assumptions. For instance, density ratio estimation
requires access to the full target distribution [50, 52, 75], while in-
verse probability of participation weighting [11, 15, 67, 80] assumes
full observability of the features causal of selection. In practice,
however, access to target data is often limited, as collecting fully
representative samples — for example, medical records from the
entire U.S. population - can be prohibitively expensive, logistically
infeasible, and may conflict with privacy regulations. Moreover,
model developers rarely observe the explicit underlying selection
mechanism, given the complexity in delineating the causes of study
participation or health care utilization. As a result, there are cur-
rently few practical and principled approaches for practitioners to
audit models for selection bias.

Contributions. In this work, we propose a tractable estimate of
a prediction model’s worst-case performance on an unobserved
target population. Our paper offers three important contributions:

(1) We consider a more realistic setting that requires only par-
tial observability of the selection mechanism and target dis-
tribution. Target data sources, such as national registries
and census microdata, often provide full joint coverage of
a few basic sociodemographic variables, along with mar-
ginal summary statistics such as first and second moments
[25,29, 67, 69, 80]. Motivated by these real-world constraints,
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Figure 1: Pipeline illustrating how our method estimates a generalization bound under limited observation of the target-data,
thereby enabling better informed decisions of model deployment.

our method assumes: (i) only a subset of variables causing
selection has been identified and fully observed and (ii) ac-
cess to marginal summary statistics for all variables. The
feasibility of (i) is further supported by prior work showing
that sociodemographic factors such as age, sex, and income,
which are often observable in target datasets, are also likely
drivers of medical selection bias [68, 69, 71].
(2) We propose a novel upper bound on a prediction model’s
expected performance on a target dataset. Our bound ex-
plicitly models the selection process without requiring full
knowledge of the underlying mechanism. To the best of our
knowledge, existing methods are incapable of producing
such a bound under the realistic constraints outlined in (1).
To render our bound tractable for practitioners auditing mod-
els prior to deployment, we propose two heuristics: first, an
algorithm that identifies the remaining selection variables,
and second, diagnostic techniques for assessing the assump-
tions underlying our bound.

®)

We evaluate our method in three data settings: (i) simulated
selection bias in fully synthetic data, (ii) simulated selection bias in
clinical data from the All of Us Research Program [21], and (iii) real
selection bias in MIMIC-IV [46]. Across these experiments, we show
that our proposed bound is empirically tight and robust, even under
realistic data observability constraints. Finally, we provide guidance
and diagnostic tools to help practitioners apply and interpret our
bound estimate.
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2 Related Works

2.1 Selection Bias in Causal Inference

Selection bias has been broadly studied across disciplines includ-
ing econometrics [38-40, 79], causal inference [3], epidemiology
[41, 45, 57, 73], statistics [24, 59], social science [7, 82], and clini-
cal informatics [37, 78]. In these fields, the focus has largely been
on causal effect estimation where bias arises when generalizing
estimates from a non-representative study sample to a target popu-
lation. Many debiasing methods have been developed to address
this issue, including g-formula adjustment [3, 54], propensity score
weighting [42, 54, 64], and Heckman correction [39]. However,
these methods are not directly applicable to our setting of assessing
the generalizability of prediction models. Furthermore, these meth-
ods often rely on unrealistic assumptions, such as full observability
of the causes of selection.

Another related line of work has estimated robustness to unob-
served selection or confounding via sensitivity analysis and partial
identification. Motivated by Rosenbaum-style sensitivity analysis
[65], Zhao et al. [86] proposed bootstrapped confidence intervals
based on a marginal sensitivity model that bounds the unknown
selection probability. Other approaches avoid modeling the unob-
served confounding mechanism by providing explicit sensitivity pa-
rameters to bound confounder-treatment and confounder-outcome
associations [23] or by using partial identification to propose worst-
case bounds, as with Manski-style bounds [59, 60]. While these
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approaches make minimal assumptions on the underlying selec-
tion mechanism, they rely on ad hoc specification of the sensitivity
parameters which can lead to overly loose bounds in practice.

Selection bias may also be framed as a case of estimation under
missingness-not-at-random of the covariates, outcome, or both.
When data are only observed conditioned on a positive outcome,
[55, 76, 77] proposed methods to identify causal effects by lever-
aging instrumental variables. However, these works assume full
observation of a valid instrument and covariates in the target dis-
tribution.

2.2 Domain Adaptation

In machine learning, selection bias has most often been studied
through the lens of domain adaptation where a model trained on
a source domain (or distribution) must generalize to a target do-
main [50, 52]. Domain adaptation can be approached by learning
domain-invariant representations [28]; reweighting samples from
the source domain [50, 52, 75] using weights obtained by proba-
bilistic classification [15], moment matching [20, 43], or density
matching [74]; and through distributionally robust optimization
[6, 70], which learns a model that minimizes worst-case perfor-
mance over ‘uncertainty sets" of the observed data. However, as in
the case of causal inference methods, domain adaptation methods
typically rely on the variables causing the data shift to be observable
from the target distribution, which is an unrealistic assumption in
real-world settings. Additionally, these methods are used during
model training to improve out-of-distribution performance, rather
than after model training to audit model generalizability.

2.3 Generalization Bounds

Another relevant area of work involves estimating model gener-
alization bounds under distribution shift. Cortes et al. [18] derive
generalization bounds that depend on the stability of the associ-
ated importance weights, and Ben-David et al. [4, 5] propose an
upper bound on the generalization error of a model trained on
samples from distribution P when applied to distribution Q, using
H-divergence to characterize the distance between P and Q. Similar
bounds have also been proposed using Wasserstein distance [19]
and f-divergence [1]. As with domain adaptation methods, these
worst-case bounds are intractable without strong assumptions on
what is observable.

3 Method

In Sections 3.1, we introduce notation, key assumptions, and ob-
servability constraints. In Section 3.2, we introduce our method
for calculating the generalization upper bound. In Section 3.3, we
outline how our method is practically implemented via a heuristic
algorithm that nominates the remaining selection variables. We
outline our method in Figure 1.

3.1 Problem Formulation

We denote an upper-case letter V as a single or set of random
variables, the variable’s set space as V, and the observation in that
space as the lower-case v. We use the notation Eg[-] to describe the
expectation with respect to sampling from a distribution Q. We let
Vj(i) denote the j-th variable and i-th unit of a multivariate sample.
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Similar to the notation of [66, 85], let Q be the target distribution
over the variables (X, U, Y, S), where S € {0, 1} is a binary selection
indicator, U € U C R are the variables causal of selection, Y €
Y C R is the outcome, and X € X c R are all other covariates.
We assume the biased! distribution P is generated by selective
sampling from Q such that the (X, Y)-marginal of Q conditioned
on S = 1 is exactly the distribution P. That is, denoting p(V) as
the probability distribution of any variable V € (X,Y) under Q,
then p(V | S = 1) is the variable’s distribution under P, where we
assume P and Q have common support. Furthermore, we assume
that the selection indicator S is defined as a probabilistic function
of selection variables U, and thus S is conditionally independent of
(X,Y) given U. We summarize the variables in Table 1.

Table 1: Notation for our problem setting.

Var. Description Example
Q Target distribution over (X, U, Y, S) U.S. population distribution
P Biased distribution over (X,U,Y) gener- Single hospital distribution
ated by selective sampling from Q
S Binary selection indicator If patient in the U.S. at-
tended single hospital
U Variables causal of selection into biased Income, education, disabil-
distribution P ity status
U Variables C U observed in both Pand Q  Income, education
U*  Variables := U \ U not observed under Q Disability status
X All covariates non-overlapping? with U Age, sex, diabetes, depres-
sive disorder
X Covariates C X used to predict Y Age, sex, diabetes
Y Outcome Heart disease

Assumption 1 (Conditional Independence). X,Y 1L S |U

Assumption 2 (Common Support). VX € X,U € U, Y € Y, if
p(X,U,Y) >0, thenp(X,U,Y |S=1) > 0.

Let fp : X — Y denote a prediction model trained under the bi-

ased distribution P to minimize the expected loss Rp = Ep[£(fp X), V)],

where the subvector X of X are the prediction features and ¢ :
Y x Y — RT is a non-negative loss function.

Assumption 3 (Non-negative Loss). £(fp(X),Y) > 0 forallX € X
andY € Y.

To evaluate model generalization on the target distribution Q,
we consider estimating the expected loss Ry = Egp [t’(ﬁa(f(), Y)]
under the relaxed but more challenging setting of limited Q observ-
ability. Specifically, we assume identification and full observation of
a subset U of the selection variables, as well as basic summary sta-
tistics for all candidate selection variables. We denote the unknown
selection variables as U* := U \ U.

Constraint 1 (Absence of Samples (X,Y) ~ Q). The variables
(X,Y) needed to measure the performance of fp are unobserved in Q.

Constraint 2 (Observation of Partial U from Q). We identify a
non-empty subset of selection variables U C U and observe U under
Q

Tn other domains, P is also called the source, sample, or training distribution.

%In practice, X and U may overlap, provided all covariates used for prediction are
observed in Q.
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Constraint 3 (Observation of y, 62 from Q). For all variablesV €
(X,U), we observe its mean jip(V) = Eg[V] and variance 0 (V) =

Eol[(V = po(V))?].

Finally, we define the observed dataset Dp = {(x® yD, y® s
1)}, drawn independently from the distribution P, on which the
prediction model fp is trained. From Q, we observe the summary
statistics defined in Constraint 3, as well as Dg (U L

3.2 An Upper Bound of Ry

Under the Constraints 1 - 3 of limited target distribution observ-
ability, the expected loss Rp is intractable using existing methods.
To address this gap, we propose an upper bound ﬁQ that bounds
the performance of the model fp on the target distribution Q. The
construction of the bound relies on both the fully observed U and
identification of the remaining selection variables U*.

THEOREM 3.1 (UPPER BOUND RQ). Under Assumptions 1, 2, and 3,
Ro < Rg =Ep [w(U) - ¢(X, Y, U") - t(fp(X),Y)]

W(U) = ﬂ#
p(U|S=1)
H(X, Y, U) = max, g p(X,Y |, U, S =1)

p(X,Y|U,5=1)
where u” is an observation in the subspace of U*.

The full proof is in Appendix A.1. To build intuition for the
proof, observe that under Assumption 2, Rp can be expressed as a
reweighted expectation over P, where the weights correspond to
the density ratio of (X, Y,U) in P and Q. Although the marginal
p(U) under Q is known, the conditional distribution p(X,Y | U)
is not. The key insight is that this conditional distribution can be
upper bounded by p(X,Y | U) under Q. Then, invoking condi-
tional independence in Assumption 1, we can replace this unknown
distribution with the known marginal p(X,Y | U,S =1) under P.

We define the true generalization gap Rp — Rp as the loss increase
when evaluating fp on Q versus P, the upper bound® generalization
gap as ﬁQ — Rp, and the bound error as ﬁQ - Ro.

3.3 Practical Bound Estimation

We next outline how to estimate our proposed bound. In Section
3.3.1, we propose a heuristic algorithm to identify the remaining
selection variables U*. In Sections 3.3.2 and 3.3.3, we outline our
approach to density estimation and potential assumption violations
in finite-sample settings. The pseudocode of our bound estimation
method is presented in Algorithm 1.

3.3.1 Heuristic Identification of the Remaining Selection Variables.
Our bound requires identifying the remaining selection variables
U* := U \ U from the variables observed in Dp. We propose a
simple, calibration-based heuristic for nominating U*.

Suppose that the probability of selection can be expressed as
p(S =1 | U) = g(UP) for some link function g and coefficient

3Estimating the upper bound is appropriate when higher loss £ indicates worse perfor-
mance (such as in the case of logloss or Brier score); if lower loss ¢ indicates worse
performance (such as with precision or accuracy), the lower bound }?Q < Rg can be
constructed by taking the minimum instead of the maximum over U*.
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vector f. Let C := (X \ X \ Y,U*) denote the set of possible se-
lection variables U*, where U* cannot overlap with Y or X. We
can write the probability of selection equivalently as p(S = 1 |
U,C) = g(ffw +Cy), where y; = 0 for all variables C; € X. The task
of determining which variables in C are selection variables thus
becomes the simpler task of determining which y; are non-zero.

Similar to existing calibration-based methods [53, 84], we use
the following moment-matching estimating equation over Dp to
empirically solve for w and y:

m(UD, c))

—  =E U, c
g(UD e+ CDy) Do [m( )l

i:s() =1
where m is the user-specified moment map evaluated at each sample
and Ep,, [m(U, C)] is the corresponding empirical moment vector
under the target distribution Q. Given the observation of g, o
from Constraint 3, the choice of m may match on first moments,
second moments, or their concatenation.

We construct confidence intervals for y; using the bootstrapped
distribution with percentile parameter «. The corresponding C;
whose intervals do not contain zero are selected as the estimated
U*. Further details, including an adaptation for searching in high
dimensions, are presented in Appendix B.

3.3.2 Density Estimation. When the variables are fully categorical,
the conditional densities p()E, Y| U,U%S=1)and p()N(, Y|U,S =
1) can be estimated from table counts. For data involving continuous
variables, the density functions may be estimated using kernel
density estimators or conditional normalizing flow models [62, 81].
Estimation of the propensity w(U) :p((:f) /p(ff |S=1)=p(S=
1) / p(S = 1| U) is even simpler and can be computed by fitting
a classifier [15] or table counts if data are discrete. Although our
main focus is on categorical data given its omnipresence in medical
settings, we discuss continuous density estimation in Appendix C.

Algorithm 1 Upper bound estimation on the generalization per-
formance Rg

Input: prediction model fp; biased dataset Dp
(XD, y® u® st = 1};; target dataset Dy = {U(k)}k
external means and variances o (V), o, (V) YV e (X,U);
a-level for heuristic algorithm

Output: ﬁQ, as defined in Theorem 3.1

1: U* « output selection variables from heuristic search with
significance o

2: Estimate the conditional density functions p(f(, Y| U, U*, S =
1) and p()z, Y|U,S=1) using Dp

3. Estimate the propensity weight w(U) =
using both Dp, Do

4 w < empty weight vector of dimension |Dp|

5. for all samples (X, YD), () € Dp do

6: $1 < max p()z(i), YO 10D y*5=1)

u* el

7 gy = p(XD YD 7O 5 =1)

8: wi —w(UD). (¢1/¢2)

9: end for

: return ﬁQ =Eop, [w e(fr(X), Y)]

p0) [ p(U[S=1)
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3.3.3 Testing for Assumption Violations When Rg Is Observed. Our
upper bound assumes conditional independence of selection given
U (Assumption 1) and common support between P and Q (As-
sumption 2). However, these assumptions can fail empirically in
finite-sample settings.

If the true Rp is known, as in settings of simulated selection bias,
we can explicitly test how each assumption violation affects the
bound error by decomposing our method’s bound error 1§Q -Ro
into a telescoping sum of three factors:

léQ - RQ = ATBE + ACI + ACS (31)

where each A(.) term is defined in Appendix A.2. At a high level,
Acr is zero when the Conditional Independence assumption holds,
and Acs is zero if the Common Support assumption holds. Finally,
Atpg, measures the Theoretical Bound Error, the gap between our
bound estimate li’Q and the true Rp when the two aforementioned
assumptions are satisfied. This decomposition therefore quantifies
how violations of conditional independence and common support
cause the final bound error to deviate from the theoretical bound
error.

3.3.4 Testing for Assumption Violations in Practice. However, the
telescoping sum in Equation 3.1 is usually intractable as Rg is often
unknown. Therefore, to approximately test for assumption viola-
tions, we present three diagnostics that are straightforward, com-
putationally inexpensive, and can be readily applied using our code
implementation. We provide additional details on the diagnostics
in Appendix C.

Common Support Diagnostics.

(1) KS Test: The overlap between the observed propensity dis-
tribution p(S = 1 | U) under P and Q can be easily evaluated
using a Kolmogorov-Smirnov (KS) test, or a similar statistical
test.

(2) Weight Design Effect dog: Moment-matching methods,
such as our proposed heuristic in Section 3.3.1, often exhibit
instability or poor convergence behavior if the two distri-
butions lack overlap. The stability of the resulting weights,
measured via the design effect deg [51], can diagnose poten-
tial violations of common support.

Conditional Independence Diagnostic.

(3) Propensity Invariance: We propose a diagnostic that ap-
proximately assesses the conditional independence assump-
tionp(V | U,S =1) =p(V | US =0),VV € (X,Y).
However, under Constraints 1 - 3, the true U is unknown
and we only observe samples where S = 1. We instead use
the observed propensity S = p(S = 1 | U) and predicted
U := (U, U*) from our moment-matching method to assess
for equality across p(V | U,8 =5) = p(V | U,S = s),
Vsi,s2 € [0,1],VV € (X, Y).

4 Experimental Setup

4.1 Data

We evaluate the quality of our bound 1§Q in three data settings: (i)
fully synthetic data; (ii) semi-synthetic data, where we simulate
an EHR-specific selection mechanism in clinical data from All of
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Us; and (iii) real-world selection bias in MIMIC-IV. We provide
additional details for each dataset, including preprocessing steps,
in Appendix C.

4.1.1  Synthetic Data. To generate the fully synthetic target dataset
Dy, we sample binary variables U with bivariate correlation p, and
then generate binary X and Y as linear logistic functions of U. We
then sample our biased dataset Dp = {(X,U,Y,S) € Dp : S =1}
through a logistic selection model:

1

1 +exp(-g(Up))
S ~ Bernoulli(p(S =1 | U))

p(S=1]U)=

where we test both linear and nonlinear link functions, g.

4.1.2  All of Us. The All of Us Research Program [21] is a demo-
graphically diverse biobank based in the U.S. with over 600,000
participants. It includes sociodemographic and biomarker infor-
mation collected at enrollment, along with longitudinal outcomes
from linked medical records.

To form the target dataset Dy, we filter All of Us participants
to a cohort of 255,612 participants. We simulate selection of the
biased dataset Dp given the same logistic selection mechanism
described in the fully synthetic setting, where we explicitly define
EHR-specific selection variables U (e.g., income level or insurance
status) [12, 16, 26, 27, 63, 67]. For prediction, we consider 19 health
outcomes Y (e.g., Type 2 diabetes mellitus) and 41 binary features
X (e.g., blood pressure, lifestyle factors).

4.1.3  MIMIC-1V. MIMIC-1V is a deidentified dataset containing
over 200,000 patients admitted to the emergency department at the
Beth Israel Deaconess Medical Center in the U.S. [31, 47]. MIMIC-IV
is a widely-used benchmark in machine learning, and it is there-
fore critical to audit whether selection bias leads to performance
degradation when models are generalized to broader populations.

We treat MIMIC-IV as the biased dataset Dp and All of Us as the
target dataset Dp. Because MIMIC-IV contains data from a single
U.S. hospital and All of Us provides nationally-representative data,
this setup naturally reflects the realistic scenario of a complex and
unknown selection mechanism. Furthermore, using All of Us as
the target enables method validation against the true Rp when the
variables )N(, Y are observed.

We conduct three real-world experiments: first, we consider two
prediction tasks (Y=hypertension and Y=Type 2 diabetes mellitus)
where X, Y variables are observed in both datasets, enabling vali-
dation of our bound against the true Rp; second, we evaluate one
task (Y=hospital mortality) that reflects the realistic scenario where
R is unknown. Motivated by prior work in EHR-specific biases
[12, 16, 26, 63], we select the selection variables U as a subset of
age, insurance type, and primary language.

4.2 Prediction Tasks

For the prediction model fp, we learn p(Y | X,S=1) = fp()f) either
using XGBoost [14] or an elastic net regularized logistic regression
model with class-balancing weights and regularization parame-
ters chosen via cross-validation. In practice, we do not observe a
substantial difference in bound characteristics under different pre-
diction models. For each set of experiments, we run a data-driven
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search to identify ni,qs prediction tasks such that the resulting gen-
eralization gap is sufficiently large, i.e., Rp — Rp > tg. We outline
this search in Algorithm C.

4.3 Evaluating Our Proposed Bound in
Simulated Selection Settings

We first evaluate our bound estimation method in the fully synthetic
and All of Us data settings. By simulating selection, we can validate
if our method, which assumes limited target data observability
(Constraints 1 - 3), actually recovers the true expected loss Rp and
selection variables U in practice. We run the following experiments,
which are described in more detail in Appendix C.

4.3.1 Correctness of Heuristic Identification of Selection Variables.
We test how well our moment-matching heuristic (Section 3.3.1)
recovers the remaining selection variables compared to random
selection and selection based on maximum correlation (regular and
Cohen’s d) with U. For each selection strategy, we compute the
F2 score, precision, recall, and the Jaccard index of the selected U*
compared to the true U*.

4.3.2  Robustness to Assumption Violations. We examine how vi-
olations of common support and conditional independence may
affect the behavior of our bound estimate. To control the degree of
assumption violation, we vary four parameters: sample size [Dg|,
the strength of the selection mechanism, covariate imbalance, and
the number of extraneous features X \ X. For each parameter set-
ting, we decompose the estimated bound error ﬁQ — Rp into the
telescoping sum from Equation 3.1.

4.3.3  Validating Our Bound Estimate. For each prediction task, we
run our method on all possible observed subsets U C U and com-
pute the estimated upper bound RQ: first, using the true selection
variables, denoted as ‘UB (true U*)’; second, using our heuristic,
denoted as ‘UB (heuristic U*)’. We then compare the estimated
generalization gap (or bound error) with the true quantity.

We compare against the following baselines: naive inverse prob-
ability of participation weighting (IPPW) [13, 17, 64, 67, 80], which
estimates sample weights using the fully observed U; empirical
calibration [22], which estimates sample weights to balance the
first moments of all variables in P and Q; entropy balancing [35],
a form of calibration that additionally matches second moments;
and raking (iterative proportional fitting) [22], a form of calibra-
tion that aligns categorical sample data to target table counts. We
describe these baselines in detail in Appendix C. In Appendix ??,
we also provide results on KLIEP [74], KMM [20, 43], logistic re-
gression classification [15, 75], RuLSIF [56], and uLSIF [48], which
assume unrealistic data availability and are excluded from the main
analysis.

4.4 Application of Proposed Bound to
Real-World Settings

We next validate our method in real-world settings and discuss how
to practically use our method for model auditing.
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4.4.1 Robustness to Assumption Violations. Assuming Rg is un-
known, we apply the three proposed assumption violation diagnos-
tics from Section 3.3.4 on fully synthetic data and outline how to
interpret the results in practice.

4.4.2  Validating Our Bound Estimate. We evaluate our method on
three tasks with real selection bias in MIMIC-IV when compared
to the more diverse target population in All of Us. In two tasks,
we compare our method’s predicted ﬁQ to the true Rp. For the
third task, we estimate ﬁQ and provide guidelines for practically
validating our method when Rp is unknown.

1.0 U* algorithm
B Our heuristic

08 B Cohen's d

0.6 Max corr to U (k = 2)

04 Max corr to U (k = 4)
B Random (k =2)

0.2 ﬁ ﬁ i = Random (k =4)

0.0 ﬁ

F2 Precision  Jaccard Recall

Metric compared to true U”*

Figure 2: Comparing our heuristic identification algorithm
against other baselines in identifying the true selection vari-
ables U* in fully synthetic data. Our heuristic yields high
accuracy and thus is a close approximation to the bound un-
der true selection variable identification.

1k

10k 50k

Dol

1.5 2 3 4 100k

Selection strength

Figure 3: Decomposition of the bound error }QQ —Rp into three
terms (see Section 3.3.3) to evaluate assumption violations
in fully synthetic data, as sample size and selection strength
vary. Extreme violations of common support (i.e., large |Acs|
) or conditional independence (i.e., large |Ac| ) may lead to
an invalid upper bound.

5 Results

5.1 Evaluating Our Proposed Bound in
Simulated Selection Settings

5.1.1 Correctness of Heuristic Identification of Selection Variables.
In Figures 2 and C, we demonstrate that our proposed moment-
matching heuristic outperforms all baselines and is reasonably able
to identify the remaining selection variables U* with F2 scores of
0.84 and 0.81 for synthetic data and All of Us, respectively. These
results suggest that the bound estimated using our heuristic U*
closely approximates the bound under the true selection variables
U
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5.1.2  Robustness to Assumption Violations. In Figure 3, we apply
the proposed error bound Ry — Ro decomposition while varying
the strength of the selection mechanism and the sample size |Dg|.
Results are shown for fully synthetic data using a linear selection
mechanism and are averaged across ngsks = 20, all UcCU,and5
random seeds. Additional results on All of Us data, as well as vary-
ing covariate X imbalance or increasing dim(X \ X), are provided
in Appendix C. As expected, aggressive selection, small sample size,
and high variable imbalance can violate assumptions of conditional
independence or common support, as reflected by larger average
Acrt and Acs terms. In these scenarios, caution using our method -
and perhaps deployment of the model in question - is warranted
until more data can be collected. For instance, in tasks where sample
size is insufficient, a large negative Acs term may dominate due to
lack of common support, and ﬁQ may be underestimated. Nonethe-
less, we find on average our method yields a valid upper bound
under reasonable sample sizes and modest selection strength.

5.1.3  Validating Our Bound Estimate. In Table 2, we demonstrate
the quality of our bound estimate across ngsks = 30, all subsets
U C U, and 20 random seeds for both fully synthetic and All of Us
data with a nonlinear selection mechanism. Our results confirm
our estimate’s empirical validity, with 97% of all tasks in All of Us
yielding a valid upper bound versus 82% for the next best base-
line. Although our bound in theory could be prohibitively large, in
practice it is non-vacuous. For instance, the 95th percentile of the
bound error in the All of Us experiments is 0.17 logloss. In Appendix
C, we present additional results, including performance on linear
selection, synthetic continuous, and synthetic high-dimensional
data.

We next examine our method’s robustness to which selection
variables U are fully observed (Constraint 2). In Figure 4, we plot the
bound error ﬁQ — Rp based on the dimension dim(U) of observed
variables out of dim(U) = 5 variables total, using All of Us data
and nonlinear selection. As expected, our bound estimate slightly
improves as the availability of selection variables U increases. In
Figures C and C, we also show that the bound error is correlated
with how well U predicts S. However, our method provides rea-
sonable bounds even when dim(U) = 1, highlighting robustness
to settings where target observability is highly limited. Additional
results are included in Appendix C.

In Figure 5, we examine the generalization gap for two tasks
in the All of Us data, where we use a linear selection mechanism
designed to simulate EHR-specific selection bias. Five additional
tasks are plotted in Figure C. We observe that the baselines severely
underestimate generalization performance, risking confident de-
ployment of a model that might perform poorly in practice. On the
other hand, our method provides a tight and valid upper bound on
the real generalization gap.

5.2 Application of Proposed Bound to
Real-World Settings

5.2.1 Robustness to Assumption Violations. In Table 3, we show
the application of our three assumption violation diagnostics on
fully synthetic data across ngsks = 10, subsets U C U, and 2 seeds;
implementation details are provided in Appendix C. As expected,
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Table 2: Bound error }?Q — Rp for both fully synthetic and
All of Us data. "Validity" denotes the fraction of tasks that
yields a valid upper bound > ¢, for some small negative e.
"(0.05, 0.95)" denotes the 5th and 95th percentiles. "d.g" is the
design effect. Our generalization estimate UB (heuristic U¥)
provides an non-vacuous upper bound with higher rates of
validity than the baselines.

Ro -Ro
p+o  Validity (0.05,0.95) deg
Synthetic  UB (true U*) 0.05 + 0.06 0.90 (-0.02,0.15) 4.9
UB (heuristic U*) 0.06 £ 0.05 0.90 (-0.02,0.15) 4.7
Naive IPPW of U —0.03 £ 0.04 0.29 (-0.11,0.02) 2.1
Raking —0.01 £0.02 0.50 (-0.05,0.02) 3.1
Calibration —0.01 £0.02 0.50 (=0.05,0.02) 3.1
Ent. Balancing —0.01 £0.02 0.50 (-0.05,0.02) 3.1
Allof Us  UB (true U*) 0.04 £0.04 0.97 (-0.01,0.12) 28.9
UB (heuristic U*) 0.06 £ 0.05 0.97 (-0.01,0.17) 26.3
Naive IPPW of U —0.01£0.01 0.82 (-0.02,0.01) 11.8
Raking —0.01 £0.02 0.79 (=0.06,0.00) 4.6
Calibration —0.01 £0.02 0.79 (-0.04,0.00) 3.8
Ent. Balancing —0.01+£0.01 0.74 (-0.04,0.00) 5.3
O UB(trueU")
UB (heuristic U™)
Naive IPPW of U
0.10 O Raking
O Calibration
ng O Ent. balancing
| 0.05
o
PR i
0.00 P
e
0.05
d(0)=1 d(0)=2 d(0)=3 d(0)=4 Constant
d(U")=4 dU™)=3 dU™)=2 d(Uu™)=1

Figure 4: Bound error ﬁQ —Rp based on the dimension d(0) :=
dim(U) of observed selection variables in the All of Us data.
While the baselines sometimes underestimate, our method
consistently yields a valid upper bound on Ry.

higher levels of assumption violations (as indicated by higher scores
for all diagnostics) occur under low sample size and high selec-
tion strength. However, even when assumptions were violated, our
bound remained largely valid.

Table 3: Approximate assumption violation diagnostics on
fully synthetic data. ‘CS’ and ‘CT’ denote a diagnostic for Com-
mon Support and Conditional Independence, respectively.
For all diagnostics, a higher score indicates increased viola-
tion.

Dol Selection Rg - Ro (CS) () (cn
Q strength pto KS Test ~ Weight dey  Propensity Invariance
1000 Low 0.08 £0.06 0.18+0.08 50.0 £ 62.1 0.02 +0.01
High 0.07+0.11 0.19+0.10 68.6 +89.0 0.03 £0.01
100000 Low 0.06 £0.06 0.14+0.05 1.4+0.46 0.01 +0.00
High 0.03+£0.06 0.15+0.06 3.8+2.85 0.02 £ 0.00

Interpretation of the KS Test statistic and p-value should be
relative to the user’s tolerance for generalization risk. In addition,
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because the diagnostic relies on the propensity p(S = 1 | U), confi-
dence in the diagnostic can be calibrated to the user’s confidence
in the observed U capturing the drivers of selection. To interpret
the Weight d.g diagnostic, weights may be deemed unstable when
des > 1/p, where p € [0, 1] reflects the user’s risk tolerance. For
instance, a more conservative user may decide p = 0.1, i.e., common
support is approximately satisfied if degr < 10. Finally, interpret-
ing the Propensity Invariance diagnostic similarly depends on
the user’s confidence in U and the predicted U*. Note that while
the common support diagnostics do not depend on proper heuris-
tic identification of U*, the Propensity Invariance test will fail,
as intended, under imperfect identification of the set of selection
variables U := (U, U*). For instance, given one is confident in U
(i.e., has determined U are reasonable drivers of selection using
domain knowledge), then the failure of the diagnostic indicates an
unreliable bound estimate, potentially due to low sample size or
inaccurate heuristic identification of U*. Furthermore, because the
diagnostic calculates conditional independence for each variable
V € (X,Y) before averaging across variables, users can examine
and potentially reconsider using covariates with high individual
diagnostic scores.

5.2.2  Validating Our Bound Estimate. In Figure 6, we show the
predicted generalization gap of real-world selection bias in MIMIC-
IV relative to the broader All of Us population. In the two leftmost
tasks where Rp is known, we observe that despite the complexity of
real-world distribution shifts, our method closely matches the true
generalization performance and substantially outperforms baseline
approaches.

However, in most real-world scenarios, no such target reference
exists. For instance, in the MIMIC-IV experiment of predicting
Y = Mortality, the true Rp and variables U are unknown given
limited target distribution availability (Constraints 1 - 3). To vali-
date our proposed generalization bound Ii’Q in practice, users may
incorporate the assumption diagnostics, as discussed above in Sec-
tion 5.2.1. In addition, external domain knowledge — such as prior
literature, known causal structures, or empirical studies on simi-
lar generalization settings — can indicate if a generalization gap
is expected. In our setting, for example, prior studies have shown
that single-site hospital data often generalize poorly for mortality
estimates [44, 72], and Berkson’s bias [8, 32] in causal inference
implies that hospital-based datasets (e.g., MIMIC-IV) tend to over-
sample sicker patients relative to the general population. These
findings suggest that mortality prediction using MIMIC-IV data
may be non-generalizable, thus lending credulity to the nonzero
gap predicted by our method.

Together with the above considerations, our proposed bound can
help guide deployment decisions. When the assumption violation
diagnostics indicate the underlying assumptions are satisfied and
the estimated bound IQQ is small, practitioners may proceed with
model deployment with greater confidence. Conversely, when the
bound is large and prior evidence suggests generalization risk,
deployment should be delayed in favor of remediation strategies,
such as collecting more representative data or applying model-
based debiasing techniques.
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0.06 )
I = Real (Ro=Rg)
0.05 I mm UB (true U™)
0.04 UB (heuristic U")
02' Naive IPPW of U
| 003 I m Raking
< 4 0.02 Il Calibration
=0 B Ent. balancing
0.01
0.00
Y=CHD Y:]:IIV
dim(U)=2 dim(U)=3

Y = Coronary heart disease (CHD) Y = Human immunodeficiency
virus (HIV)

Covariates X Age, BMI, vitals, lifestyle features Age, BMI, vitals, lifestyle features

Known U Income (+), confidence in medical Age (+), has housing (+), education
system (+) level (+)

Unknown U* Employment status (+), general Employment status (+)
health (-)

Figure 5: Generalization gap }?Q —Rp (top) and the correspond-
ing prediction task details (bottom) for two specific tasks
in the All of Us data. (+) and (-) denotes over- and under-
sampling for that selection variable, respectively, guided by
EHR-specific selection bias. While baselines risk underesti-
mating generalization performance, our method produces a
valid upper bound.

0.04 = Real (Ro=Rg)
B UB (heuristic U™)
= 0.02 Naive IPPW of U
| Raking
(é’ 0.00 _ " mmm Calibration
. BN Ent. balancing
Y=Hypertension Y=T2DM Y=Mortality

Y = Hypertension Y = Type 2 diabetes Y = Mortality™

mellitus (T2DM)

Covariates X  Diastolic blood pressure,
substance abuse disorder,
T2DM, Alzheimer’s dis-

ease, gender

Marital status, race, pri-
mary language, anxiety
disorder

Weight, T2DM, en-
dometriosis, hyperten-
sion, platelet counts®,
insurance type, bicarbon-
ate levels™, systolic blood
pressure

Proposed U

Predicted U™

Age, English as primary
language

Comorbidities, diastolic
and systolic blood pres-
sure, insurance type, race,
marital status

Age, English as primary
language, insurance type
Comorbidities, age, dias-
tolic and systolic blood
pressure, insurance type,
race, marital status

Age, insurance type

Comorbidities, age, dias-
tolic blood pressure, in-
surance type, race, mar-
ital status

Figure 6: Real-world generalization gap ﬁQ — Rp (top) and
the corresponding prediction task details (bottom) for three
tasks using the biased MIMIC-IV data, relative to the target
All of Us data. “’indicates that variable is not observed in All
of Us. Note for the task Y=Mortality, the real gap Rp — Rp is
unknown and thus not plotted.

6 Conclusion

In this work, we propose a practical method for estimating the upper
bound on the worst-case performance of prediction models under
selection bias. Our work has several limitations. First, we focus on
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low-dimensional categorical data given its prevalence in medical
settings and straightforward density estimation. Extensions to high-
dimensional, time-series, and mixed-type data — as we explore in
Appendix C - warrant further research. Second, selection bias is
closely tied to historical causes of discrimination and underrepre-
sentation. Future work into model generalization should examine
subgroup-specific bounds or, even better, root-cause remedies such
as deliberate data collection of historically underrepresented pop-
ulations [9]. Third, we recommend exploring strategies to reduce
the high variance of our bound, such as density-free approaches.
Fourth, while we limited our study to relatively simple prediction
models fp, it is also important to understand how selection bias
affects more complex models, such as LLMs [34]. Finally, general-
purpose guidelines for which type of prediction tasks and data
structures are most affected by selection bias, as has been done in
causal inference [3, 42, 45, 57, 73], would be highly valuable.

Our work makes several important contributions. Unlike existing
methods, our method operates under the realistic assumption of lim-
ited target data availability. Under these pragmatic data constraints,
we propose a novel upper bound on worst-case generalization error
and an estimation method using a moment-matching heuristic. We
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demonstrate through extensive experiments on both synthetic and
real-world medical datasets that our method recovers tight and
valid bounds even under modest assumption violations. Our exper-
iments on MIMIC-IV highlight the ability of our method to identify
real-world cases of selection bias that could lead to generalizability
harms if left unaddressed. To this end, we also provide diagnos-
tics for assessing assumption violations, guidance on interpreting
the bound, and user-friendly code for running our method. While
our work focuses on applications to medical settings, particularly
EHR-specific selection bias, the proposed method is applicable to
any setting of selection bias. For instance, in Appendix C we apply
our bound to detect potential selection bias in political survey data.
We hope our work will serve as a practical tool for researchers and
practitioners to audit for selection bias, enabling more trustworthy
and generalizable prediction models.
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A Proofs
A.1 Upper Bound

Proor. Under Assumption 2 of common support, and by the
invariance of the loss term to U, we can rewrite Rp as Let us denote

p(X,Y) : ]
Ro=EBp|—F"-¢ X),Y
0B | Y Is=D) (fr(X),Y)
p(X,Y,0) : ]
Py g sy ()
p(X,Y | 0) - :
=Bp|—————"— -wl) ¢ X), Y
Py T 2y MO )
where w(U) = ;%' By Assumption 1 of conditional inde-

pendence, we know that p(X,Y | U) = p(X,Y | U,S = 1) and
thus

p(X.Y | 0) =/ P |0)p(X, YU, u*)du*
uteUu*
=EBQp. o [p(X, Y U, UM)]
=Eg,., [p(X.Y | U.U", S =1)]

If we substitute this into the above equation for Rp, we have

Eg,., [P(X.Y | U.U"S

Ro = Ep (D) - L(fo(X).Y)

p(X,Y|U,5=1)

By definition of expectation and non-negativity of density functions,
there exists some ¢3 y ;7 > 0 such that

urpee}l)j*p(X, Y|U,u,S=1) = EQU*\U [PXY U u',S=D]+egyp
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Thus

maxy-cq p(X,Y | U, u*,S=1) — g g,
RQ:EP[ weu b XYY

p(X,Y|U,5=1)

~w(0) - £(fp(X), Y)

maxu*efu*p(f(, Y|U,u*5=1)
p(X,Y|U,5=1)

Ep ~w(0) - £(fp(X),Y)

B, [ X0
p(X,Y|U,5=1)
[max,cqp p(X,Y | U, u*,S = 1)

p(X,Y|U,5=1)

~w(0) - £(fp(X), Y)

<Ep

-w(0) - e(fp(X), Y)

since p(X,Y | U,S = 1) = 0 and £(fp(X), Y) > 0 from Assumption
3. O

A.2 Bound Decomposition

In Section 4.3, we proposed that the bound error could be decom-
posed as follows:

léQ - RQ = ATBE + ACI + ACS

where Acs is the error contribution from violating the necessary
assumption of Common Support between P and Q; and Acy is
the error contribution from violating the necessary assumption
of Conditional Independence given U. In theory (i.e., under infinite
samples), these two assumptions hold and Acy = A¢s = 0, meaning
}?Q — Ro = Arpg, where Agg is the Theoretical Bound Error when
all assumptions hold.

Here, we formally define each of the factors Apg, Acr, and Acs.
Notice that RQ — Rp can be written as the following telescoping
sum:

Ro-Rg
= EP [¢(‘)~(’ Ys (L[*) . W(U) . f(fp()z), Y)]

Eg,. . [P(X.Y | U U5 =1)]
— EP

bRy Osoy  MUerton

(ATB-E)
(B0, [p(X Y | 0,U%,5 = 1)]

e p(X,Y|U,S=1) ~w(U) - £(fp(X),Y)
= [p(X,Y | U,S=1) w(t) "<fP(X),Y)]
(Ac)
" lp(X,Y | U,S=1) w(l) "(fP(X),Y)]
—Bo [¢(fp(X),Y)] "
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Defining the first difference as Atgg, the second difference as
Acy, and the third difference as Acs, we have the proposed de-

composition. These definitions clarify how and why Acy and Acs
reveal assumption violations. First, Acy tests if conditional indepen-

dence is violated by isolating the effect of changing EQU*W [p(X,Y |
U,U*,S =1)] to EQy g [p(X,Y | U, U*] = p(X,Y | U), where the
two terms should be equal if conditional independence given U
holds. Second, Acs measures violation of the assumption of com-
mon support between P and Q by characterizing the difference
between the density ratio re-weighted expectation over P and the
unweighted expectation over Q. These expressions are equal pro-
vided P and Q share common support.

B Heuristic U* Selection

Recall the heuristic solves for

2

i:5(D) =1

m(C®, g)

5 =E mU,C
w3 ciyy = Erelm(@. )

(B.1)

which computes point estimates for the y; coefficients. To derive
confidence intervals for the estimated j;, we take a bootstrapping
approach. Specifically, we resample the dataset Dp with replace-

ment B times. We then solve the above equation for each dataset

~(1) (2 ~(B
0,5 g

for each j. We construct a 1-a level confidence interval as

(Picasay Vii—ayzy )» Where 7, denotes the «/2 percentile of the
bootstrapped coefficients and j;,_,, ,, denotes the 1—a/2 percentile.
In our experiments, we set B = 1000 iterations and a = 0.005. We
set a to be smaller than typically used for bootstrapped confidence
intervals because the resulting conservative confidence intervals
for y; help limit the number of false positives (variables mistakenly
nominated as U™).

sample, yielding the bootstrapped distribution

C Supplementary Materials
We present the full appendix at https://arxiv.org/abs/2606.00563.
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